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The small-angle scattering of neutrons on large scale inhomogeneities of two-component systems 
in refraction range is considered. We supposed, that neutrons acquire phase shifts describing by 
the Gaussian distribution function. It is shown that the average cross section of scattering contains 
two contributions. The first contribution describes the diffraction and in the asymptotic limit of 
large transfer momentum this contribution is proportional to q~ A , where 2 < A < 4. The second 
contribution is similar to the Fraunhofer diffraction, which in the asymptotic limit of large transfer 
momentum is proportional to q~ s . 



I. INTRODUCTION 

Small-angle neutrons scattering is the powerful 
method to study large scale inhoiuogeneities of different 
structures in condensed mattermJ. Usually, experimen- 
tal data are interpreted within the Born approximation. 
However, when neutrons are scattered on large scale in- 
homogeneities refraction processes can give a significant 
contribution in the scattering cross section. The ampli- 
tude of small-angle scattering of neutrons under propa- 
gation through an inhomogencity is defined by the phase 
shift 5(p), where p is a transfer momentum perpendicular 
to the direction of the neutron beam (see for exampleQ) . 
In the case, when S(p) >C 1, the Born approximation is 
valid, in the opposite case, when 6(p) 3> 1, refraction 
effects became considerable and the Born approximation 
is not applicable-Hp. 

It is well knownfl that for two-component system hav- 
ing inhomogeneities with smooth boundaries the inten- 
sity of scattering I(q) falls off with increase of the trans- 
fer momentum q according to the Porod law q~ 4 . How- 
ever in most cases the surface dividing phases of the sys- 
tem cannot be considered as smooth. In particular, the 
scattering of neutrons in Isitifelike magnetic systems in 
an external magnetic fielcH'QiLII occurs on domain walls, 
with a surface strongly differs from a smooth plane. The 
scattering on two-component systems with rough inter- 
faces of phases,is investigated in detail within the Born 
approximationuo. It was shown that the intensity of scat- 
tering has the contribution, which is described by the 
power function of the transfer momentum with the ex- 
ponent less than 4. Deviations from the PorodJaw take 
place also for scattering on fractal structuresE3. These 
results agree well with a lot of experimental data. It 
is necessary to emphasize, that in this case a refrac- 
tion processes are absolutely omitted from consideration. 
However these processes can be very important for the 
studying of neutron scattering in systems with large scale 



inhomogeneities when the Born approximation becomes 
inapplicable. 

In the theory of the scattering on— large scale spheri- 
cal inhomogeneities it is well knowr£3 that for the case 
of an inapplicability of the Born approximation the am- 
plitude of scattering consists of three terms (diffraction, 
refraction and so-called residual term) in correspondence 
with the expression for the forward scattering amplitude 
by spherical inhomogeneities (see for exampleta). How- 
ever, we don't known the precise expression for residual 
term unlike the diffraction and refraction contribution 
to the scattering amplitude, but we can to expand this 
expression in power series of 1/a (where a is the Born 
parameter) and to get approximate estimation only. Ac- 
cording to this fact the range where a 3> 1 was called 
refraction, and the range .-a <C 1 was called diffraction 
correspondingly. Recentlytj for the residual term of the 
amplitude of the scattering by spherical inhomogeneities 
the precise expression was obtained. This expression con- 
tains special functions, the arguments of which have two 
dimensionless parameters: the Born parameter and the 
product qR, where R is a radius of the inhomogeneity. 
In this case, the transition of the amplitude of scattering 
from the diffraction range to the refraction occurs not 
for a ~ 1 but for a ~ qR. It worth to point, that in the 
asymptotic limit qR 3> 1 the diffraction range "analyti- 
cally continue" in the area prohibited for it a > 1 and, 
correspondingly, the refraction range is shifted. 

The influence of the refraction processes in the multi- 
ple neutron scatteriMj|-op large scale inhomogeneities is 
especially impor_tantlIall3. According to the general the- 
ory of scattering!!]] the intensity of the multiple scattering 
is completely determined by single scattering cross sec- 
tion. Usually, it is considered the case, when the domi- 
nating contribution to the cross section of single spatter- 
ing introduces the diffraction range of scattering^. In 
this case the cross section of single scattering on spher- 
ical inhomogeneities in the limit qR 3> 1 is described 
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by the function (qR)~ A . In the refraction range in the 
same limit qR ^> 1 the single cross section of scattering 
contains terms (gi?) _3 pand (qR)' 4 due to the existence 
of the refraction termtl. Therefore for the case, when 
the refraction range gives the dominant contribution to 
the cross section of single scattering, the change of the 
intensity of multiple scattering take place due to an ap- 
pearance of new asymptotic behavior of single scattering 
cross sectionlij. 

The main aim of this work is to study just refraction 
processes in systems where the declination of the scat- 
tering intensity from the Porod law is observed. Next 
such systems we call the fractal systems. We do not 
known the amplitude of scattering in the refraction range 
when the scattering occurs in the fractal medium unlike 
of scattering on spherical inhomogeneities. However the 
amplitude of scattering in the refraction range can be 
restored by the known amplitude of the Born approxi- 
mation if we use the formal expression of phase shift by 
a Fourier transform of the Born amplitude of scattering 
on transfer momentum. It is worth especially to em- 
phasize, that there is no necessity to assume the small- 
ness of the Born parameter of the theory of scattering 
in this case. Hereinafter we interested by systems with 
known cross section instead of the scattering amplitude 
in the Born approximation. The Born cross section is 
presented by the correlation function of local fluctuations 
of the Born scattering amplitudcd that is local fluctua- 
tions of phase shifts. The main assumption of our work 
is that we average the correlation function according to 
the Gaussian function that is we assume that phase shifts 
are Gaussian random variables and mean-square fluctu- 
ations of phase shifts coincide with the Born scattering 
cross section . Thus the correlation functions are eas- 
ily calculated and the refraction part of the cross section 
can be selected. The choice a distribution function by 
the Gaussian function for the description of the refrac- 
tion range gives the right expression for the well known 
Babinet principle with exponential accuracy. This allows 
to hope that results obtaining in this work are correct in 
this range of scattering. 



II. SCATTERING ON TWO-COMPONENT 
FRACTAL SYSTEMS IN BORN 
APPROXIMATION 



Within the limit of small phase shifts 6(p) <C 1, the 
single scattering is described by the Born approximation. 
In this limit the scattering intensity I(q) is presented by 
the correlation function of density fluctuations of scatter- 
ing objects 7(p)Eftx If for two-component systems the 
surface is smooth then the Porod law for the intensity! 2 ] 
occurs, I(q) ~ q -4 , in the limit of large transfer momenta 
q. If thepSiirface is rough it was obtained by two various 
methodsBcl that the correction to the Porod law can be 
written as 



da 



^+3 ' 
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where x, (0 < x < 1) is the parameter describing rough- 
ness of surfaceQ. It is necessary to note that in the case 
when the second term in Eq. ([!]) dominates, the Eq. ffl) 
describes the scattering cross section in fractal mediumE3. 
We remind that for scattering on volume fractals the scat- 
tering cross section within the limit of large transfer mo- 
menta is proportional to g - ' ", where D v < 3, for scat- 
tering on surface fractals the cross section is proportional 
to q-( 6 ~ D s\ where D s < 3 and at last for a scattering 
on critical fluctuations the cross section is proportional 
to q~ 2 . Thus the general expression of the scattering 
cross section covering all these particular cases can be 
described by the equation q~ A , where 2 < A < 4. 



III. THE CROSS SECTION IN EIKONAL 
APPROXIMATION 



Now we attempt to go beyond the Born case and 
to study refraction processes of small-angle scatter- 
ing of neutrons— .in fractal systems using the eikonal 
approximationO'EJ. In this case it supposed, that the en- 
ergy of incident particles is a lot of more then the po- 
tential energy of scattering and the amplitude is written 
as 

/(q) = ~ J (exp[2i«5(p)] - 1) exp(-iqp)d 2 p, (2) 

where q is the two-dimensional transfer momentum lying 
in the plane perpendicular to the beam of neutrons with 
momentum k, S(p) is the phase shift. The cross section 
is defined as 

% = l/(q)l 2 = {^Y J d 2 P d 2 p'eM-n(p-p')) x 



S(p)-l)[S*(p')-l 
k \ 2 

here we define the function 



J d 2 pexp(-iqp)7'(p), 



Y( P ) = J d 2 P '(s(p' + p)-i) (sV)-i), 



(3) 



(4) 



and also 



S(p) = exp 2i<5(p), 5{p) = -^-1 U(p, z)dz, (5) 

U(p, z) is the scattering potential, and v is the velocity of 
particles. For small phase shifts the exponential functions 
in Eqs. Q |E|) can be expand in power series and the 
correlation function j'(p) is transformed to the 7(p) of 
the Born approximation. 

It is easy to see from Eq. (^) that the scattering cross 
section is determined by the dependence of phase shift S 
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on the impact parameter p. This dependence can be find 
by the known Born scattering amplitude. It should be 
noted that formally the phase shift is the Fourier trans- 
form of the scattering amplitude in the Born approxima- 
tion 



S(p) = 



_fq_ 

(2tt)' 



/s(q) exp(iqp). 



(6) 



In other words instead of using the direct definition of the 
phase shift by the scattering potential Eq. (||) it can be 
more suitable sometimes (for example at the scattering 
on spherical inhomogeneities or superconducting vortex 
lines) to find the phase shift by the known Born ampli- 
tude. Besides this method allows in the eikonal approx- 
imation analytically to continue the phase shift to the 
region of large Born parameters since the formal equa- 
tion (||) does not assume a smallness of this parameter in 
the scattering theory. 

Unfortunately we known the Born cross section but 
don't known the Born amplitude for fractal medium. 
However the cross section is represented by the appro- 
priate density fluctuations correlation function (see for 
exampleE3). To present the cross section in refraction 
range by the correlation function of density fluctuations 
we assume that phase shift is a local random variable 
which in the primary approximation can be described 
by the Gaussian distribution. Define the Gaussian dis- 
tribution function of phase shifts <5 q in the momentum 
representation S ma thbf q as 



1 , l^ql 2 s 

^ exp( ~W) } ' 



(7) 



where Z the is the partition function written by the func- 
tional integral 



Z = J 2?(5 q exp(- 



l^ 2 
2<l<5 q | 2 > 



(8) 



The mean-square fluctuation of phase shifts defines the 
Born cross section of scattering in the form 



«.P>-5(l)"<§>- 



(9) 



Here S is the geometrical cross section of inhomogeneity 
and (;jfj)b is the Born cross section of single scattering. 
The angle brackets means the average over the Gaussian 
fluctuations. 

For the cross section we have 

((exp(2M(p)) - l)(exp(-2M(p')) - !))■ (10) 

Calculating the mean value of exponential functions of 
random rWiriablcs distributed according to the Gaussian 
functionta, we rewrite expression Eq. ( Efj ) as 



))x 



exp 



4 /7T 

S \k 



d 2 q' do 



(2tt) 2 "dfl 
(l-exp(iq'(p-p'))) 

-M-iOVw^ 1 }- 

Expanding of exponents in power series in Eq. ( |ll|) leads 
to the Born cross section that corresponds to transition 
in the diffraction range of scattering. 

It is conveniently to define the function (Jb(p) as 

1 f dcr 
^b(p) = £2 / d 2 q(^)exp(iqp), 

a B (p = 0)=a B (0). (12) 

Here <tb (0) is the total Born cross section where the mag- 
nitude of the Born parameter is large in refraction range 
of scattering. Substituting Eq. (113) in Eq. (JIl|) we have 



da k 2 f / 

{ dn ) = 2^ s J dppMqp)exp \- 



i-2«p(-2|M))(^)>( (f e), da) 



s 

Q 



COO 



where we define the function 



COO 



<tb(0)' 



(14) 



The first term in Eq. ( |l3| ) is the known expression for 
the scattering intensity in the theory of multiple neu- 
tron scatteringc3. It is necessary to emphasize, that in 
this case the value of ctb(0)/5 in refraction range became 
large in contrast with unit more just due to that in the 
equation for ctb(0) the smallness of the Born parame- 
ter does not assume. Calculating the integral in the last 
term in Eq. (|l^) we assume that a size of fractal objects 
under scattering is limited by correlation length £ due to 
average by all chaotic orientations of the fractal object of 
course. It worth to note that the obtained expression for 
the second term is analogous to the Fraunhofer diffrac- 
tion on the round holeEI In the asymptotic limit of large 
transfer momenta the Fraunhofer diffraction is described 
by the function q~ 3 . For an arbitrary fractal the result 
of the calculation of this integral would be similar of the 
Fraunhofer diffraction on the hole which has a form cor- 
responding to this fractal. 

Calculating the integral Eq. (jll|) over the two- 
dimensional vector we have the total cross section 



1 — exp I — 



<r B (P) 
2S 



(15) 



The ratio <7b (0)/2S is proportional to the square of the 
Born parameter. The Eq. ( |l5| ) can be rewrite as the 
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equation in the Born approximation if the Born parame- 
ter is small in comparison with unit. The total cross sec- 
tion is equal to the double geometrical section in the case 
of the large Born parameter. This result is in complete 
correspondence with the Babinet principle. According to 
this principle the total cross section .is-dctermined by a 
double cross section of an absorptionBEl. 

In general the differential cross section of scattering in 
the Born approximation can be presented as 



, da 



B=Aq- A f A (qO, 



(16) 



where A is a constant. A is a some parameter in the 
interval (2 < A < 4). The function /a(<?£) within the 
limit of a large qt; can be replace by unit but for the 
case of small transfer momentum it ensures not singular 
behavior for the scattering cross section. Substituting 
Eq. ( |l6| ) in Eq. ([IJ) and making the substitution of a 
variable A = kp, we get 



C(A) = 



f °° dxx- A+1 [l - J o (0 o \x]U(x) 
J °°dxx-^f A (x), 



(17) 



where i?o = l/fc£. 

Since the main contribution to the integral of Eq. Jl3| ) 
is given by small A, we can replace /a 0*0 by unit in the 
numerator of Eq. dl7|). As a result for 2 < A < 4 we 
have a known integral, which results to 



C(A) = (V \/2) A - 2 /F A , 



where 



Fa 



(A-2)r(A/2) 



r(2- A/2) 
The equation ( |l3| ) is: 



dxx /a (x). 



x dn' 



2tt q 2 
1 - 



dxx Jo (x) exp 



o 

2 exp 



<TB \ 

25/ 



\SF A J\2q^J 

<1 



(18) 



(19) 



A-2- 



(20) 



Here we transformed the £xst term in Eq. ( pp| ) simi- 
lar to the knownj-equationEil, therefore it is possible to 
use known resuhxZI that in asymptotic limit the inten- 
sity of multiple scattering coincide with the intensity of 
single scattering. In this case the single scattering inten- 
sity is defined by Eq. (|l6|). The refraction term (which 
in asymptotic limit is proportional to <?~ 3 ), can become 
the main one in the intensity depending on a kind of 
the law for the intensity of a single scattering. Really 
for 3 < A < 4 exists a range of values of transfer mo- 
mentum where in the intensity dominates the Fraunhofer 
diffraction with asymptotic dependence q~ 3 . The range 
3 < A < 4 corresponds to the scattering on surface frac- 
tals when the parameter x in the Eq. (|l|) change in lim- 
its < x < 1. In the other limits 2 < A < 3, which 



corresponds to the scattering on a volume fractals, the 
Fraunhofer diffraction already does not render essential 
influence to the intensity of scattering already. 

In the specific case A = 4 the cross section Eq. (|l6| ) 
is described by the Porod law. This case is well inves- 
tigated in the theory of multiple scattering on spherical 
inhomogeneitieaiSEij. Here the intensity of multiple scat- 
tering transforms in the intensity of single scattering in 
asymptotic limit of large transfer momentum todlJ. The 
analysis of this case begins with the equation (|l3|), where 
for the first term we can use the result of the multiple 
scattering theory again. This result shows, that in an 
asymptotic limit the intensity of multiple scattering is de- 
termined by the cross section in the Born approximation 
q~ 4 . Therefore, for this case, as well as for previous, it 
is possible to assert, that the cross section of small-angle 
neutron scattering in refraction range in fractal medium 
with a parameter (x = 1 in the equation (Q)) is described 
by the Fraunhofer diffraction. 

The refraction term does not render essential influence 
to the intensity of scattering in the other special case, 
when A = 2. This case describes the scattering on criti- 
cal fluctuations. Here also it is necessary to analyze the 
Eq. (|l^) and we must for the first term to use the result 
of the multiple scattering theory. This multiple scatter- 
ing theory on critical fluctuations is considered in Ref.c3, 
where the dependence of the multiple scattering inten- 
sity on the transfer momentum in the asymptotic limit 
of large momenta was found. These functions give the 
predominant contribution in comparison with the refrac- 
tion term. 



IV. CONCLUSIONS 

Thus at studying of the small-angle neutron scattering 
in fractal medium in the refraction range (that is for the 
case when the Born parameter of the theory of scatter- 
ing is not small) it is necessary for the single cross sec- 
tion to take into account the contribution proportional 
q~ 3 within the large transfer momentum limit which is 
similar to the Fraunhofer diffraction. Depending on the 
value of the exponent A of the single scattering cross sec- 
tion in the Born approximation the averaged correlation 
function over the Gaussian random variables in refrac- 
tion range gives a very small contribution to the cross 
section for A > 3. In the opposite case the Fraunhofer 
diffraction is negligible. 
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